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Abstract
A polyhedral map on a surface is a 2-cell embedding of a connected graph on the surface such
that the intersection of any two faces of the map is either empty, a single vertex, or a single edge.
For a polyhedral map M , the question of the existence of a nonplanar cycle whose intersection
with every face of M is either connected or empty (such a cycle is said to be nonrevisiting),
remains open. The only surfaces that are known to have such cycles are the projective plane,
torus, and Klein bottle (Barnette, Discrete Math. 70 (1988) 1{16). This paper uses the notion
of a polygonal representation of a polyhedral map to extend the result in Barnette (1988) to a
class of polyhedral maps on the double torus and connected sum of three projective planes. In
this regard, a graph coloring conjecture is proposed and is shown to be true for K3; 3 and all
planar graphs. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The nonrevisiting path conjecture due to Klee and Wolfe which states that any two
vertices of a polytope P can be joined by a path that does not return to a facet of P
once it has left that facet, is still unsolved. If P is a 3-polytope, then the faces of P
form a polyhedral map (dened in Section 2) on the 2-sphere and the validity of the
nonrevisiting path conjecture along with some strengthened forms of the conjecture
are proved in [1,8,9]. Barnette [2,4] has recently shown that the nonrevisiting path
conjecture is true for polyhedral maps on the projective plane and torus. Engelhardt
[6] and Pulapaka and Vince [11] have shown that the nonrevisiting path conjecture is
also true for polyhedral maps on the Klein bottle. Barnette [5] gives counterexamples
to the nonrevisiting path conjecture that are polyhedral maps on the surfaces S8 and
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N16. Furthermore, Pulapaka and Vince [10] have shown that the nonrevisiting path
conjecture is false for all other surfaces except possibly a surface that is homeomorphic
to the connected sum of three projective planes.
This paper concerns a related conjecture called the nonrevisiting cycle conjecture
which may be stated as follows: Every polyhedral map contains a nonplanar, nonre-
visiting cycle. In Section 3, the notion of a polygonal representation of a polyhedral
map is introduced. As will be seen, this is a convenient way to represent a poly-
hedral map as a polygon in the plane. It is shown that every polyhedral map on a
surface has such a representation and some useful properties of polygonal representa-
tions are proved. The notion of a non-separating polygonal representation is dened.
An interesting question is: Which polyhedral maps have a non-separating polygonal
representation? It is shown that not all polyhedral maps have a non-separating poly-
gonal representation. In Section 4, a graph-coloring problem that is motivated by the
question of nonplanar, nonrevisiting cycles in a polyhedral map, is considered. The
conjecture is shown to be true for all planar graphs and K3; 3. Consequently, Barnette’s
result [3] on the existence of the above mentioned cycles on the projective plane, torus,
and Klein bottle is extended to the surfaces N3, and S2.
2. Preliminaries
Unless otherwise stated, by a surface S, we mean a connected, compact 2-manifold
without boundary. These comprise the orientable surfaces Sg of genus g, which are the
connected sums of g tori, and the nonorientable surfaces Nh, of nonorientable genus
h, which are the connected sums of h projective planes. Let G be a graph embedded
on a surface S. The closure of a connected component of the complement of G in S
is called a face. If the faces are all simply-connected and the intersection of any two
distinct faces is either a common edge, common vertex or empty, then M = (G; S) is
called a polyhedral map. Two distinct faces that satisfy the condition stated above are
said to meet properly; otherwise the faces are said to meet improperly. A cycle C in
M is said to be nonrevisiting if it does not have any revisits, that is to say, for each
face F of M; C \ F is either connected or empty.
3. Polygonal representation
It is well known that any compact, connected surface may be represented as a poly-
gon in the plane with labeled and directed sides. The directed sides are matched in
pairs and the surface may be obtained by identifying the matched directed sides of
the polygon. Analogously, if M = (G; S) is a polyhedral map, then a polygonal repre-
sentation of M is a representation of M as a polygon in the plane that preserves the
combinatorial structure of G. Thus the sides of the polygon are in fact, edges in G.
This notion is made more precise below.
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Fig. 1. Improper matchings of edges on @P.
A polygonal map P is dened as a polyhedral map on a closed disc such that:
(1) The vertices of the boundary of P; @P, are labeled, and every label appears at
least twice on @P.
(2) The edges of @P are directed and there is a matching on this set of directed
edges of @P that matches each directed edge labeled (A; B) with another directed edge
labeled (A; B) with the same labels.
If M is a polyhedral map on a surface, then a polygonal map P is called a polygonal
representation of M if
(1) M is obtained from P by identifying matched edges on @P and,
(2) after the identications, each vertex label appears exactly once in M .
Note that, in general, a polyhedral map may have several polygonal representations.
Fig. 3 shows two polygonal representations of a polyhedral map (whose underlying
graph is K7) on the torus. Also if P is a polygonal representation of M , then there
can be no pairs of matched edges on @P as shown in the two cases (each gure
corresponds to a dierent case) in Fig. 1 below. Otherwise, label A either appears
only once on @P, contradicting statement (1) in the denition of a polygonal map, or
label A appears more than once in M , contradicting statement (2) in the denition of
a polygonal representation.
Theorem 1. Every polyhedral map M; not on the sphere; has a polygonal represen-
tation.
Proof. Label the vertices of M: Since the underlying graph of the dual map M is
connected, it has a spanning tree T : There is a bijection between the edges e in
E(M) and the edges e in E(M): Here e is the unique edge that crosses e: Let E
denote the complement of T  in M and dene E = fe 2 E(M) j e 2 Eg: Cut M
along the edges in E: Since T  is planar, the result is a planar map P that satises all
the conditions for it to be a polygonal map except condition (1). If a pair of edges
are matched as in Fig. 1, then glue them back together. Now every vertex label on
@P appears at least twice on @P and the map still remains planar. Furthermore, P is a
map that satises all the conditions for it to be a polygonal representation
of M .
Let P be a polygonal map and assume that a pair of directed edges (A; B) and (B; C)
on @P are incident at B. Further assume that the respective matching edges (A; B)0 and
(B; C)0 are also incident at B. Replace (A; B) and (B; C) by a single directed edge
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Fig. 2. A polyhedral map M , a polygonal representation P of M , and the type of M .
Fig. 3. Polygonal representations of a polyhedral map on the torus.
(A; C); similarly replace (A; B)0 and (B; C)0 by a single directed edge (A; C)0. Call
such a replacement a concatenation. Perform concatenations along @P until it is no
longer possible to do so. Call @P with the resulting vertex labeling the type of P,
denoted by TP . Fig. 2 shows a polyhedral map M , a polygonal representation of M ,
and the type of P. Fig. 3 shows the polygonal representations of a polyhedral map on
a torus.
Lemma 1. Let M be a polyhedral map on a surface of Euler characteristic  6= 2; TP
the type of any polygonal representation of M; and v the number of distinct vertex
labels on TP. If the vertices on TP are labeled 1; : : : ; v and ni is the number of
occurrences of the label i on TP; then n1 +    + nv = 2v + 2 − 2. Furthermore; if
 6= 1; then ni>3 for i = 1; : : : ; v.
Proof. First note that there cannot exist a vertex label that appears exactly twice on
TP except in the case where M is a polyhedral map on the projective plane. To see
this, suppose B is a vertex label that appears exactly twice on TP and let A be another
vertex label such that (A; B) is a directed edge on TP and (A; B)0 its matching edge
on TP . If B= A, then there are no more vertex labels on TP . Hence the directed edge
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can be matched in exactly one way on TP , and in this case the surface is a projective
plane. Next assume B 6= A. If there are no more vertex labels on TP , then either the
directed edges (A; B) and (B; A) can be concatenated contradicting the fact that TP is
the type of a polygonal representation of M , or the directed edge (B; B) cannot be
matched on TP , which is again a contradiction. Hence, there must be another vertex
with label C (possibly A) such that (B; C) is a directed edge on TP . Since the vertex
label B appears exactly twice on TP , there is only one possibility for the matching
edge (B; C)0. But the directed edges (A; B) and (B; C) can be concatenated, which is
a contradiction. Hence ni>3 for i = 1; : : : ; v.
Next, consider the map M 0 with one face (the polygon TP itself) obtained by iden-
tifying matched directed edges on TP and let e be the number of edges in M 0. Since
the directed edges are matched in pairs on TP; e = 12(n1 +    + nv). It follows from
the Euler formula v− e + f =  that
n1 +   + nv = 2v+ 2− 2: (1)
Theorem 2. Let M = (G; S) be a polyhedral map.
(1) If S is a projective plane; then M has a polygonal representation of type I in
Fig. 4.
(2) If S is a torus; then M has a polygonal representation of type II or type III
in Fig. 4.
(3) If S is a Klein bottle; then M has a polygonal representation of type IV; type
V; type VI; or type VII in Fig. 4.
Proof. Let P be a polygonal representation of M (Theorem 1). Consider the map M 0
with one face (the polygon P itself) obtained by identifying matched directed edges
on @P. Let v be the number of vertices and e the number of edges on M 0. Denote
the vertex labels on @P by 1; 2; : : : ; v. Further, let ni denote the number of occurrences
of the label i on @P. First consider the case where M is a polyhedral map on the
projective plane. By Lemma 1, v = 1; ni = 2; and P is of type I. Next consider the
case where M is a polyhedral map on the torus or Klein bottle. Since  = 0 in this
case, by Lemma 1, ni>3 for i = 1; : : : ; v and
n1 +   + nv = 2v+ 2: (2)
Since Eq. (2) has no solutions for v> 2; v=1, or v=2. Consider the following cases:
(1) v = 1: In this case, there is exactly one vertex label on TP and P must be of
type III in the case of the torus and of type V or type VI in the case of the Klein
bottle.
(2) v= 2: In this case two vertex labels A and B appear exactly three times on TP .
Furthermore, P must be of type II in the case of the torus and of type IV or type VII
in the case of the Klein bottle.
A face F of a polygonal representation P is called separating if F \ @P is discon-
nected. That is to say, the cycle @P revisits F . A polygonal representation without
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Fig. 4. The types of polygonal representations of polyhedral maps on the projective plane, torus, and Klein
bottle.
separating faces is called non-separating, otherwise it is called separating. In the ex-
ample in Fig. 2, the polygonal representation is non-separating, however both polygonal
representations shown in Fig. 3 are separating. Specically in Fig. 3b, @P revisits the
face labeled F . In the context of nonrevisiting cycles of a polyhedral map (this is
discussed in Section 4), the existence of non-separating polygonal representations en-
ables us to give simple proofs of results on non-revisiting cycles due to Barnette [3].
In addition, it motivates the formulation of an interesting graph-coloring conjecture.
However, not all polyhedral maps have a non-separating polygonal representation. In
fact, there is an innite family of polyhedral maps that cannot have any non-separating
polygonal representations.
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Proposition 1. For n>7; if n  0; 3; 4; 7 (mod 12) and  = d 112 (n − 3)(n − 4)e; then
there exists a triangulation of the orientable surface S that is a polyhedral map Mn
with the property that every polygonal representation of Mn is separating.
Proof. It is well known [7] that with  as above, the complete graph on n vertices
Kn embeds on S. Let Mn = (Kn; S) be a resulting map on S. If 16n64; then
 = 0 and the surface is the 2-sphere. If n = 5 or 6, then Kn embeds on the torus.
However, the embedding is not a triangulation of the torus. So assume that n>7. If
n  0; 3; 4; 7 (mod 12), then 112 (n − 3)(n − 4) is an integer and any embedding of Kn
on S is, in fact, a triangulation of S. To see this, let v; e, and f be the number of
vertices, edges, and faces, respectively, of Mn. Then v = n and e = 12n(n − 1). Hence
by the Euler equation for S; f = 23e. It follows that the embedding is a triangulation
of S. Since there are no multiple edges between vertices, the faces of the embedding
meet properly and the map Mn = (Kn; S) is a polyhedral map.
Claim. For each n as above; if Mn has a non-separating polygonal representation Pn;
then Pn is contained in M

n and has the following properties:
(1) The faces of Pn are (n− 1)-gons.
(2) Pn has either two; three; or four faces.
(3) The graph of Pn is a planar; spanning; 2-connected subgraph of the graph
of Mn .
Proof of Claim. Statement (1) is obvious. The vertices of Pn that lie in the interior of
the polygon @Pn span a complete subgraph of Kn that is also contained in the interior of
the polygon @Pn. If the number of vertices of Pn that lie in the interior of the polygon
@Pn is greater than four, then by the previous statement, the graph of Pn would be
non-planar, which is a contradiction since Pn is a planar map. Consequently, Pn can
have at most four faces. If Pn has no faces, then Pn must be separating, which is a
contradiction. If Pn has exactly one face, then Pn must have faces that meet improperly,
which is also a contradiction since Pn is a polyhedral map. To see statement (3), note
that the graph of Pn is planar, has all the vertices of M

n , and is 2-connected because
Pn was assumed to be non-separating.
Hence, for each n>7, if Pn has exactly two faces, then the graph of P

n has 2n−6
vertices. On the other hand, if Pn has exactly three faces, then the graph of P

n has
3n − 7 or 3n − 8 vertices and if Pn has exactly four faces, then the graph of Pn has
4n− 10; 4n− 11, or 4n− 12 vertices. Now, by the Euler formula, Mn has v= 12n(n−
1)− n+ 2− 16 (n− 3)(n− 4) vertices. Note that as n increases, the number of vertices
of the graph of Pn grows linearly while v
 grows quadratically. In fact, for n>11; v
is greater than each of the numbers 2n− 6; 3n− 7; 3n− 8; 4n− 10; 4n− 11 and 4n− 12.
Thus if n>11, the graph of Pn cannot possibly span the graph of M

n and we need
only consider the case where n = 7. Let M7 be the polyhedral map corresponding to
the polygonal representation shown in Fig. 3a. By statements (1), (2) and (3) above,
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Fig. 5. The two possibilities for a 2-connected, planar map with 14 vertices and 3 hexagonal faces.
P must be a map on a closed disc with 14 vertices and 3 hexagonal faces. Hence the
only possibilities for P7 are as shown in Fig. 5.
It is easily checked that these planar maps are not contained in M7 .
4. A graph-coloring problem and nonrevisiting cycles
A path P in a graph G is said to be a chord of a cycle C in G if P is a path joining
vertices x and y of C such that P \ C = fx; yg. For our purposes, an edge-coloring
of G is a coloring of the edges of G in which every edge can be colored with many
dierent colors. The only requirement is that each edge uses the same number of colors;
however, two edges may share a common color. Note that, in doing so, one need not
follow any rules of incidence. This is clearly dierent from the classical proper coloring
of the edges of a graph in which edges that are incident to a common vertex must
be colored using dierent colors. Given such an edge-coloring of G, a subgraph H of
G is said to be monochromatic if there is a color C1 such that every edge of H is
colored with C1. Similarly, H is said to be dichromatic if there are colors C1 and C2
such that every edge of H is colored with C1 or C2.
Conjecture. Every edge-colored nite graph G with no mono or dichromatic cycles
contains a cycle with no monochromatic chord.
The above conjecture is motivated by the problem of the existence of nonplanar,
nonrevisiting cycles in a polyhedral map. If every edge is colored using exactly two
colors, then the validity of the coloring conjecture implies that every polyhedral map
that has a non-separating polygonal representation, in fact, has a nonplanar, nonrevis-
iting cycle. The result appears as Theorem 3.
Lemma 2. Let M = (G; S) be a polyhedral map on a surface and P be a polygonal
representation of M . If C is a cycle of M that is contained in @P; then it must be a
nonplanar cycle of M .
Proof. The proof is by contradiction; so assume that C bounds a cell A in M . Let
f be a face of M that is not contained in A and that has an edge e in common
with C. Such a face exists; otherwise A would contain all the faces in M which is
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impossible. Let e0 be the matching edge for e on @P and let f0 be the face of P that
contains e0. Since f does not belong to A; f0 must belong to A. Also, since P is
connected, so is its dual P. Also, by denition, P \ @P= ;. Hence, with vf and vf0
as the vertices of P corresponding to the faces f and f0 of P, respectively, there is
a path vf; vf1 ; : : : ; vfk ; vf0 from vf to vf0 in P
 that is contained in the interior of the
polygon @P. Hence, there is a sequence of faces fi; i=1; : : : ; k of P corresponding to
the vertices vfi of P
 such that f \ f1; f \ f2; : : : ; fk−1 \ fk; fk \ f0; are all edges
of P that are contained in the interior of the polygon @P. Hence the interior edges
f \f1; f1 \f2; : : : ; fk−1 \fk; fk \f0; are all in the cell A. This implies that the face
f is also in A, which is a contradiction to the choice of f as a face of M not in A.
Hence C does not bound a cell on the surface and must be nonplanar.
The following corollary is a result due to Barnette [3]. However, the proof given
below is dierent from the one given in [3].
Corollary 1. Every polyhedral map on a surface (except on the sphere) has a non-
planar cycle.
Proof. Let M be a polyhedral map and let P be a polygonal representation of M .
By the denition of a polygonal representation, every vertex on @P appears at least
twice on @P. Hence there is at least once cycle that is contained in @P that is obtained
by traveling along @P between two consecutive vertices both labelled A that have the
property that there is no other pair of matched vertices that appear between the A’s.
By Lemma 2, such a cycle must be nonplanar.
Theorem 3. If the conjecture is true in the case where each edge is colored with
exactly two colors; then every polyhedral map with a non-separating polygonal rep-
resentation contains a nonplanar; nonrevisiting cycle.
Proof. Let P be a non-separating polygonal representation of a polyhedral map M on
a surface. Let fFig, i= 1; : : : ; k; be the collection of faces of M that have at least one
edge in common with @P. Since P has no separating faces, for i=1; : : : ; k; Pi=Fi\@P
is a path in @P. For i=1; : : : ; k; color the edges of the path Pi in such a way that every
edge of the path Pi is colored using the same color Ci; however, for i; j = 1; : : : ; k, if
i 6= j, then Ci and Cj are chosen to be dierent colors. Thus, a total of k dierent
colors are used to color the edges on @P. Furthermore, since the edges on @P are
matched in pairs, every edge in M that lies on @P is colored using exactly two colors.
Now consider @P and identify the matched edges on @P. The result is a graph G,
where each edge is colored using exactly two colors. Note that the cycles in G are the
cycles of M contained in @P. Recall, by Lemma 2 that the cycles that are contained
in @P are nonplanar. Furthermore, there is a monochromatic cycle in G if and only if,
for some i, two vertices of Pi are identied. This in turn implies the face Fi of M is
not simply-connected which is impossible. There is a dichromatic cycle in G if and
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Fig. 6. The graph-coloring conjecture is true for K3; 3.
only if there are faces Fi and Fj of M that meet improperly which is also not allowed.
Finally, a cycle in G has a monochromatic chord using a color Ci if and only if the
corresponding cycle on @P revisits the face Fi of M . Hence, if the conjecture is true,
then there must be a cycle of M contained in @P that has no monochromatic chord
and hence must be nonrevisiting.
Example 1. The conjecture is true for all graphs that contain a triangle.
Proof. Let G be a graph and T a triangle of G. The proof is by contradiction; so
assume that G has an edge-coloring with no mono or dichromatic cycles such that
every cycle of G has a monochromatic chord. In particular, T has a monochromatic
chord P. Since there are no multiple edges between vertices, P has length at least two.
Let v1 and v2 be such that P\T = fv1; v2g and e= v1v2 the edge in T . Then the cycle
P[v1; v2] [ feg is a mono or dichromatic cycle, which is a contradiction.
Example 2. The conjecture is true for K3; 3:
Proof. The proof is by contradiction; so assume that there is an edge-coloring of K3; 3
with no mono or dichromatic cycles such that every cycle has a monochromatic chord.
Let the vertices of K3; 3 be labeled as shown in Fig. 6.
It will be shown that there must be a 4-cycle with no monochromatic chord. It is
easy to see that a monochromatic chord of any 4-cycle must have length at least two.
If a monochromatic chord of a 4-cycle has length greater than two, then the endpoints
of the chord are adjacent to each other in K3; 3. This is a contradiction since in this
case, the monochromatic chord together with the edge joining the endpoints of the
chord form a mono or dichromatic cycle. Hence a monochromatic chord of a 4-cycle
must have length exactly two. First, consider the 4-cycle C1 = 1A3C1 and let P1 be a
monochromatic chord of C1. Up to symmetry, P1 = C2A. Next, the cycle C2 = 1A2C1
must have a monochromatic chord P2. The vertices labeled A and C cannot be the
endpoints of P2 for then, the paths P1 and P2 form a mono or dichromatic cycle.
Hence P2 = 1B2. Let C3 = 1A2B1 and P3 a monochromatic chord of C3. By a similar
argument as the one given for P2; P3 = A3B. If P4 is a monochromatic chord for the
H. Pulapaka /Discrete Mathematics 207 (1999) 219{231 229
cycle C4 = 2B3A2, then P4 = 2C3. Likewise, if C5 = 2B3C2, then the monochromatic
chord P5 of C5 is B1C; and with C6 = 1B3C1, the monochromatic chord P6 of C6
must be 3A1. Finally, consider the 4-cycle C7=A3C2A and let P7 be a monochromatic
chord of C7. There are two possibilities for P7. If P7 = 3B2, then P4 and P7 form a
mono or dichromatic cycle. On the other hand, if P7 = C1A, then P1 and P7 form a
mono or dichromatic cycle. In either case, its a contradiction. Hence C7 cannot have
a monochromatic chord.
Theorem 4. The conjecture is true for all planar graphs.
Proof. The proof is by contradiction; so assume that there is a planar graph G for
which the conjecture is false. In other words, for some edge-coloring of G with no
mono or dichromatic cycles, every cycle of G has a monochromatic chord. Consider
an embedding of G in the plane in which edges meet each other only at vertices of
G. Let @C0 be the boundary of the unbounded face of G and C0 the closed region
interior to @C0. Let P1 be any monochromatic chord of @C0. Then P1 must be contained
in C0 and it separates C0 into components C1 and B1 such that C1 \ B1 = P1 and
C1[B1 =C0. Now consider the cycle @C1 that bounds the component C1 and let P2 be
any monochromatic chord for @C1. If P2 leaves the component C1 , then it must enter
the component B1 by crossing the monochromatic chord P1 and the only way for P2
to re-enter C1 is for it to cross P1 again. But this yields a dichromatic cycle, which is
not allowed. Hence the only way @C1 can have a monochromatic chord P2 is for P2 to
be completely contained in C1. Now P2 separates C1 into components C2 and B2 such
that C2 \ B2 = P2 and C2 [ B2 = P1. For every integer k>1, we claim that at the kth
step, if Pk+1 is any monochromatic chord for the cycle @Ck , then the component Ck is
divided into components Ck+1 and Bk+1 with the following properties:
(1) Ck+1 [ Bk+1 = Ck .
(2) Ck+1 \ Bk+1 = Pk+1.
Conditions (1) and (2) above are equivalent to the statement that Pi+1 is contained
in Ck . The proof of the above claim is by induction on k. It was shown above that
the claim is true for k = 1. Assume that the claim is true for each i< k. If Pk+1, a
monochromatic chord for @Ck , is contained in Ck , we are done, so assume that Pk+1
leaves Ck . However, if Pk+1 does not leave Ck−1, then the only way it can return to Ck
is by crossing the monochromatic chord Pk twice giving a dichromatic cycle in G, which
is not allowed. On the other hand, if Pk+1 leaves both Ck and Ck−1, then it eventually
has to return to Ck . But by condition (1) for the component Ck−1, this means that it
also returns to Ck−1. Thus, there is a subpath Qk+1 of Pk+1 that is a monochromatic
chord for the cycle @Ck−1 and that returns to Ck−1 after leaving. This is a contradiction
to the induction hypothesis. Hence Pk+1 cannot leave Ck , proving the claim.
It follows that G would have to be an innite graph in order that every cycle in G
have a monochromatic chord, which is a contradiction. Hence there can be no planar
graph that can be a counterexample to the conjecture and the theorem is true for all
planar graphs.
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Fig. 7. The boundary graphs of polyhedral maps on the projective plane, torus, and Klein bottle.
Theorem 5. Every polyhedral map on N1; N2; N3; S1; or S2 that has a non-separating
polygonal representation contains a nonplanar; nonrevisiting cycle.
Proof. In the case of the surfaces N1; N2, and S1 let P be a non-separating polygonal
representation of M and let GT and G be the graphs obtained by identifying the edges
on TP and @P, respectively. Since TP is obtained from @P by performing concatenations
along @P; G can be obtained from GT by inserting vertices of G that are not in GT
along the interior of each edge of GT . Thus GT and G are homeomorphic. If M is
a polyhedral map on the projective plane, then by Theorem 2, P is of type I and
consequently, GT is isomorphic to the graph in Fig. 7a. By a similar argument, if M
is a polyhedral map on the torus, then G is homeomorphic to the graph in Fig. 7b, or
Fig. 7c and if M is a polyhedral map on the Klein bottle, then G is homeomorphic to
the graph in Fig. 7b, c, or d.
In all cases, G is planar and by Theorem 4, the conjecture is true. Hence by
Theorem 3, in each case, there is a nonplanar, nonrevisiting cycle in M .
Next consider the case where M is a polyhedral map on N3 and assume that M has
a non-separating polygonal representation P. Let the vertices of TP be labeled 1; : : : ; v
and for i=1; : : : ; v; let ni be the number of occurrences of the label i on TP . Since the
Euler characteristic in this case is −1, by Lemma 1,
n1 +   + nv = 2v+ 4; (3)
where ni>3 for i=1; : : : ; v. It is easily checked that the above equation has no solutions
for v>5. That is to say, there are at most four dierent vertex labels on TP . Hence
the graph GT , obtained by identifying matched directed edges on TP can have at most
four vertices and consequently, must be planar. The graph G obtained by identifying
matched edges on @P must be homeomorphic to GT and consequently, must also be
planar. By Theorem 4, the conjecture is true for the graph G. Hence by Theorem 3,
M has a nonplanar, nonrevisiting cycle that is contained in @P.
Finally, consider the case where M is a polyhedral map on S2 and let P be a
non-separating polygonal representation of M . Since the Euler characteristic in this
case is −2, by Lemma 1,
n1 +   + nv = 2v+ 6; (4)
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where ni>3 for i = 1; : : : ; v. It is easily checked that the above equation can have
solutions only if v66. If e is the number of distinct directed edges on TP , then e69.
Let G be the graph obtained by identifying matched edges on TP . Then G has at
most 6 vertices and at most 9 edges. Since K5 has 10 edges, G is either planar, or
is isomorphic to K3; 3: In either case, the coloring conjecture for two colors is true,
and by the same argument given for the surface N3, there is a nonplanar, nonrevisiting
cycle in M that is contained in @P.
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